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1. LECTURE STANLEY DECOMPOSITIONS AND PRIME FILTRATIONS

Let K be a field,S= K|[xy,...,Xn| be the polynomial ring im variables, andVl be a
finitely generated."-gradedS-module. Letu € M be a homogeneous element\hand
Z a subset of{x1,...,xn}. We denote byK]Z] the K-subspace oM generated by all
elementsuv wherev is a monomial inK[Z]. The Z"-gradedK-subspacelK[Z] C M is
called aStanley space of dimensitfl, if uK[Z] is a freeK[Z]-module.

A Stanley decompositiasf M is a presentation of th&"-gradedK -vector spacé as
a finite direct sum of Stanley spaces

m
2 :M=PuK(z]
i=1
in the category ofZ"-gradedK-vector spaces. In other words, each of the summands is
aZ"-gradedK-subspace ol and the decomposition is compatible with thA&grading,
i.e. for eacha € Z" we haveM, = @ ; (UK [Z])a. The number sdepth = min{|Z|: i=
1,...,m} is called theStanley depth o7. TheStanley deptlof M is defined to be

sdepttM = max{sdepthz: Z is a Stanley decomposition df}.

It is conjectured by Stanley [16] that deph< sdepttM for all Z"-gradedS-modulesM.
The conjecture is widely open (see however [1], [2], [7], [B]L] and [14]).

In this first lecture we present some general facts aboutrarpZ"-gradedS-modules
M. More precisely, we first recall the existence of a Stanlegyodgosition for such a
module, which is induced by any prime filtration of the moduer the later applications
we also give a simple characterization of Stanley deconipasiinduced by a prime
filtration. Later on, we give some general upper and lowemlgufor the depth and
sdepth of a module, as well as their connection with anotimariant: the fdepth of a
module.

How can we compute a Stanley decomposition of an arbitZirgradedS-modules
M? Let us start with an example. Figure 1 displays a Stanlegrdposition ofS/I and
of I for the monomial ideal = (x;x3,X2x3,X3%,). The gray area represents tkevector

space spanned by the monomialg.iThe hatched area, the fat lines and the isolated fat
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dots represent Stanley spaces of dimension 2,1, and Octeghe According to Figure 1
we have the following Stanley decompositions

| = xpSK [X1, Xo] & X2x8K [x1] B 35XK [x1],

and
S/1 = K[xa] & x1K [x1] & X1 %K & x1%6K & XExoK .
Here we identifyS/I with the K-subspace of generated by all monomialsc S\ I.
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FIGURE 1

In general we have the following

Lemma 1.1. Any finitely generate@"-graded S-module M admits a Stanley decomposi-
tion.

The proof is based on the fact that any prime filtratiohoyields a Stanley decompo-
sition. We call a chain of."-graded submodules

F:0=MgCcMiC---CMp=M

a prime filtrationof M if Mj/M;_1 = (S/R)(—a;) wherea; € Z" and where eacR is a
monomial prime ideal. We call the set of prime idefiis, ..., Py} thesupportof .# and
denote it by supp#). It is a well-known fact in commutative algebra that at lease
such prime filtration always exists. Each prime filtratighof M gives rise to a Stanley
decompositior(.#) as follows:

SinceM;/M;_1 = S/R(—a;), there exists a homogeneous elemegrt M; of degrees;,
whose residue class moduld_; generatedi/M;_; and such thatiK[Z;] = M;/M;_1,
whereZ; = {x;: Xj ¢ R} and whereuK[Z] is a freeK[Z;]-module. The filtration#
provides a decompositiod = P" ; Mij/M;_; as direct sum oK-vector spaces. Since
each of the factordi/M;_; is a Stanley spacgK[Z;] we obtain the decomposition
9(F) = @®",uK|Z], as desired. We say th&t(.7) is the Stanley decomposition in-
duced by the prime filtratior?”. Not all Stanley decompositions & are induced by
prime filtrations (see [9],[8]), therefore sdefith) can not be computed using only the
Stanley decompositions arising from prime filtrations. Hger, we can describe those
Stanley decompositions arising from prime filtrations dkofes



Proposition 1.2. Let M be a finitely generatefl’-graded S-module an@ : M = P ; uiK [Z]
a Stanley decomposition of M. Then the following conditemesequivalent:

(a) Z is induced by a prime filtration. _

(b) After a suitable relabeling of the summands4nwe have M = @{Zl uK[zZ] is a
Z"-graded submodule of M fors 1,...,m.

Proof. (a) = (b) follows immediately from the construction of a Stanlescdmposition
which is induced by a prime filtration.

(b) = (a): We claim that#: 0 C M1 C Mz C ... C My, = M is a prime filtration of
M. First notice that for eacl, the moduleM;/M;_1 is a cyclic module generated by the
residue clasg; = uj+M;_1. Indeed, each element M; can be written ag =y} _, Uk fi
with f € K[Z] fork=1,...,]. Thereforeu = uj f;.

Next we claim that the annihilator ofj is equal to the monomial prime ideflgener-
ated by the variables ¢ Z;. In fact, if xc € Zj, then degu; # degu;v for all monomials
v € K[Zj]. Therefore, sinctj = @!_, uiK[z] is a decomposition dE"-gradedK -vector
spaces, it follows thatu; € M;_1. This implies thatu; = 0 and shows tha® is con-
tained in the annihilator ofij. On the other hand, i is a monomial inS\ P, then
v e K[Zj] and saujvis a nonzero element i K[Z;]. This implies thav does not belong
to the annihilator ofi; and shows tha® is precisely the annihilator afj. From all this
we conclude tha# is induced by# . OJ

Based on the Stanley decompositions arising from primeafiétns we can obtain a
lower bound for the sdepth. More precisely, given a filtnati® of a moduleM one can
define fdepth = min{dimS/P: P € supp# } and

fdepthM = max{fdepth% : .Z is a prime filtration ofM }.

It follows from the discussion before Proposition 1.2 thaggth# = sdepthz(.%#) and
consequently
fdepthM < sdepthM.

Since Stanley’s conjecture states that the following imdiudepthM < sdepttM holds
true for any arbitraryZ"-gradedS-moduleM, we would be interested in obtaining some
inequalities involving depth and sdepth. We have the falhgwesult

Proposition 1.3. Let M be a finitely generated"-graded S-module. Then
fdepthM < depthM < min{dimS/P: P € As§M)},
and fdepthM < sdepthM. If, in additiondimg Mg < 1 for all a € Z" then we also have

that
sdeptiM < min{dimS/P: P € AssM)}.

Proof. The bounds for the depth are well-known. We will give an argument for the
upper bound of sdepM, due to Soleyman-Jahan [15]. Lét: M = @'_; uK[Z] be

a Stanley decomposition & such that sdeptd = sdepth? andQ € AsgM) such that
dimS/Q=min{dimS/P: P Asg§M)}. SinceQ € Ass(M) there exists a nonzero homo-
geneous elemem € M such thaQ = Ann(m). Because of our hypothesis: dirivly < 1
for all a € Z", it follows that there exists a uniquec [t] such thatn € yKJ[Z]. Hence

m=u, f for some monomiaf € K[Z]. It is enough to show thaty NQ = 0. Suppose
3



thatZy N Q # 0 and choosg € Z N Q. Then 0=xm=u (X f) € uK[Z], a contradiction
sinceu K[z ] is a freeK[Z]-module. Henc& N Q = 0 and consequently;| < dimS/Q.
Therefore we have

sdeptiM = sdepthz = min{||Z;]: i € [t]} <|Z| <dimS/Q=min{dimS/P: P AssM)}.
O

It is clear that whenever depth = fdepthM then Stanley’s conjecture holds fit.
This situation happens of course if fdeph= min{dimS/P: P € As§M)}. This is the
case ifM admits a prime filtration with supg.#) = Ass(M) in which caseM is said to
bealmost clean In the particular case whevi = S/I, wherel is a monomial ideal 0§,
since dink (S/1)a < 1 for alla € Z" we notice by Proposition 1.3 that$| is almost clean
then fdeptt8/1 = depthS/I = sdepttS/I. For example, wheh is of the following type:
perfect monomial ideal of codimension 2 or Gorenstein maabiteal of codimension
3 or ideal of Borel type on < 3 it was proved (see [7], [6], [14]) th&/| is almost clean.
Consequently, i§/1 is almost clean we can actually compute sd&thwhich is equal
to deptlS/1. However, in general we may have strict inequality as thiefahg example
shows.

Let M = m = (x1,X2,X3) be the maximal ideal db= K|xy, X2, x3]. Then we claim that
depthm = 1 < sdepthm = 2. The only question is why the Stanley depthnofs equal
to 2. To see this, we first observe that for a monomial idealK[x,...,X,] we have
sdepth = n, if and only if| is a principal ideal. Indeed, If= (u), thenl = uK[x, ..., Xn]
is a Stanley decomposition. On the other handl, i not principal at least two Stanley
spaces are needed to coveObviously any two Stanley spaces of dimengiantersect,
so that one of the summands in the Stanley decomposition maustdimension smaller
thann.

Thus we have sdepti < 2. Since the following is a Stanley decompositiomof

(1) (X1, %2,X3) = X1XoX3K [X1, X2, X3] & X1 K[X1, X2] B %2K [X2, X3] & X3K [X1, X3].
of sdepth 2 it follows that sdeptin= 2.

2. LECTURE STANLEY DECOMPOSITIONS AND PARTITIONS

In this lecture we present an algorithm (see [8]) for comuiin a finite number of
steps the sdepM in the particular case wheM is of the forml/J, whered C | are
monomial ideals ofS. Afterwards we will present some applications of the aldoni
following from Theorem 2.1. It is worthwhile to mention thiie algorithm was imple-
mented in CoCoA by Rinaldo ([12]).

First, we define a natural partial order B as follows:a < b if and only if a(i) <
b(i) for i = 1,...,n. Note thatx®x® if and only if a < b. Here, for anyc € N" we

denote as usual by the monomiab?x$? ...x{" . Observe tha™ with the partial
order introduced is a distributive lattice with meet b and joinaV b defined as follows:
(anb)(i) = min{a(i),b(i)} and(aV b)(i) = max{a(i),b(i)}. We also denote by; the
jth canonical unit vector iZ".

Suppose is generated by the monomiafs, . .., x* andJ by the monomials®, ... xb.

We choosey € N" such that; < g andb; < gfor all i andj, and IetF’Ig/J be the set of all
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c € N"with ¢ < g and such that < cfor somei andc # b; for all j. The seiF’IQ/J viewed

as a subposet &f" is a finite poset. We call it theharacteristic posedf | /J with respect
to g. There is a natural choice fgr namely the join of all the; andb;. For thisg, the
posetPf’/J has the least number of elements, and we denote it simpy hyNote that if

Ais a simplicial complex on the vertex get, thenPg, is just the face poset .

Figure 2 shows the characteristic poset for the maximal idea (x1,X2,X3) C K[Xg, X2, X3].
The elements of this poset correspond to the squarefreemmial®xy, X, X3, X1X2, X1X3,
XoX3 andxpxox3. Thus the corresponding labels in Figure 2 shoulbg, 0), (0,1,0),...,
(1,1,1) and for short we write 100@10,...,111.

Given any poseP anda,b € P we set[a,b] = {c€ P: a<c<b} and call[a,b] an
interval. Of course/a,b] # 0 if and only ifa < b. Suppose is a finite poset. Apartition

of P is a disjoint union
;

I P:LJMEH]
i=1
of intervals.
Figure 2 also displays a partition of the characteristicepdsr the maximal ideal.
The framed regions in Figure 2 indicate th = [100,110 U [010,011 U [001, 10 U
[111117).

100 010 001

111
FIGURE 2

We will show that each partition Gflg/ ; gives rise to a Stanley decomposition ¢f.

In order to describe the Stanley decomposition @ coming from a partition o’F’F’/J
we shall need the following notation: for eable Plg/J, we setZy = {x;: b(j)=9(j)}.
We then have
Theorem 2.1. ([8]) (a) Let #: F’IQ/J = Ul_4[ci, di] be a partition of Iﬁj. Then
r
) 22):1)3= DED*K[Z4))
i=1 ¢

is a Stanley decomposition ofd, where the inner direct sum is taken over a# ¢c;, d;]
for which j) = ci(j) for all j with xj € Zg. MoreoversdepttZ(Z?) = min{|Zy|: i =
1,...,r}.

(b) Let Z be a Stanley decomposition ofdl. Then there exists a partitio®¥ of Plg/J
such that

sdepthy(2?) > sdepthz.
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In particular, sdeptH /J can be computed as the maximum of the numisepth7 (%),
whereZ runs over the (finitely many) partitions of/g’.

Proof. (a) We first show that the sum of tikevector spaces in (2) is equal to tevector
space spanned by all monomials | \ J (which of course is isomorphic to thévector
spacd /J).

Let u = x® be a monomial i \ J and letc = eAg. Then,c € P I/J and consequently,
there exists € {1,...,r} such that’ € [c;,d;]. Letc be the vector with

qnz{qm,wmn;mm

c(j), otherwise

It follows from the definition ofc that x°K[Zy] is one of the Stanley spaces appearing
in (2). We claim thatu € X°K[Zy], equivalently, thak® € € K[Z4]. Indeed, ifxj € Zg,
thend;(j) =9(j), and hencce(j) c(j) > ci(j) =c(j). On the other hand, ¥X;j ¢ Zg,
theng(j) > di(j) > c/(j) =c(j). Sincec(j) = min{e(j),g(j)}, it therefore follows that
e(j) =c(]), as desired.

In order to prove that the sum (2) is direct, it suffices to shioat any two different
Stanley spaces in (2) have no monomial in common. Supposetoadntrary thak? ¢
XPK[Zy] NxIK[Zy,] and thakPK[Zg | # xIK[Zy, ] are both summands in (2). Since each of
the inner sums in (2) is direct, we have that j.

We claim thatx” € xPK [Z4] yieldsbA g € [, di]. Indeed, since < bAg, the claim
follows once it is shown thaiAg < d;. If di(j) =9(]), then

(bAg)() =min{b(j),a(i)} < g(j) = di(})-
If di(j) <9g(j), thenx; ¢ Zg and hencé(j) = p(j). Together with the inequalitg(j) <
di(j) <g(j), we obtain thatbAg)(j) = p(j) < di(j). In both cases the claim follows.
Similarly, sincex? ¢ XIK[Zy] we see thabAg € [cj,dj]. This is a contradiction, since
[ci,di] N [Cj,dj] =0.
The statement about the Stanley depthaif??) follows immediately from the the
definitions.

(b) Let Z be an arbitrary Stanley decompositionlgf. First, to eactb € R /J
assign an intervdkt, d] C F’lg/J sincex? € |\ J, there exists a Stanley spax<¥ [Z] in the
decomposition? of | /J with xX° € x°K [Z]. It follows thatc € F’lg/J andb(j) =c(j) for all

j with xj ¢ Z. Now, we definel € N" by setting
. j), ifx eZ,

c(j), ifx;¢Z.
Observe thajc,d] C F’Ig/J We noticed already thate P I/J It remains to be shown that
de F’Ig/J Sincex®K[Z] € 1\ J, it follows thatx®*2iMé ¢ |\ J, where the sum is taken

over all j with x; € Z and where for alf we haven; € Zo. Therefored = c+ 3 ;(g(j) —
c(j))e; € P,

Next we show tha € [c,d]. For this we need to show thlai< d. Indeed, ifx; € Z, then
b(j) <g(j)=d(j). Otherwised(j) = c(j) =b(j) and consequently the inequality holds.
Sinceb € [c, d], we obtain thak” € x°K [Z4], andZ C Zg, according to the definition af.
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In order to complete the proof of our theorem we now show thatihtervals con-
structed above provide a partitic# of Plg/ ; and that sdept () > sdeptty.

It is clear that these intervals covlqﬁ‘/J. Therefore it is enough to check that for any
bi,bp € F’lg/J with by # by, the corresponding intervals obtained from our constoncti
say|c1,d1] and|cp,dy], satisfy eithefcy,di] = [C2,dp] Or [c1,d1] N [Cp,d2] = 0.

To eachc; corresponds a Stanley spa¢e&[Z] in the given Stanley decomposition
We consider two cases. In the first case, we assumecthatc,. ThenZ; = Z, and
consequently; = dy. Hencelcy, di] = [c,dy]. In the second case, we assucpée” c;. In
this case we prove that;,d;| N [cp, dz] = 0. Assume, by contradiction, that there exists
ec F’lg/J such thate € [c1,d;] N [cy, dp]. It follows from the construction of the interval
[C1,dq] thatcy(j) = dyi(j) if Xj ¢ Z1. Thereforeg € [c1,d1] implies thate(j) = c.(j), for
all j with x;j ¢ Z1, and hence we obtain that € XK [Z;]. Analogously, one obtains that
x® € x2K|[Z;], a contradiction sincgK[Z;] N x®2K[Z,] = 0.

To establish now the inequality sdeptti?) > sdepth?, we observe that sdep#( &)
is equal to the minimum of all integef34| where]c,d| belongs taZ?. On the other hand,
we already showed that for each Stanley spa&dZ] in 2 such thatc € F’Ig/J we have

that|Zy4| > |Z|. This yields the desired inequality. O

We consider two examples to illustrate Theorem 2.1. As a éxsimple, consider
the partition of the posd®, given in Figure 2. According to Theorem 2.1 the Stanley
decomposition corresponding to this partition is exadiy dne given in (1).

The second example is displayed in Figure 3. In the first pgctbhe hatched re-
gion corresponds to thk-vector space spanned by all monomiald inJ wherel =
(X3, X333, X7x2) andJ = (X3, X9x3). The second picture shows a partitiorRJf; where
g= (7,6). The partition is the following:

Py, =1(24).(3,6)]U[(4,3),(54)]U[(51),(7,2)]U[(3,3),(3,3)]U[(5,2).(5,2)].

To this partition corresponds by Theorem 2.1 the followitgnfey decomposition
/3= (XGK [xe] &xixGK [xe] ) & (XK XK XK &X3XGK ) & x3xeK [xe] &X9x3K B XEK
which is shown in the third picture of Figure 3.

If we want to use Theorem 2.1 in concrete cases to computetdime$ depth, it is ad-
visable to choosg such that the posﬁ’}g/J is as small as possible. G(l) = {x®,... x&}
andG(J) = {xP1,... xb}, then withg=a;V---Va, VbyV--- Vb the poseiPlg/J has
the least number of elements and it is denotedPpy. Even in this case, wheR ;
has the least number of elements, it is very hard to compugemeral sdepttyJ, even
though it can be done in a finite number of steps. A priori thmatsgy for computing
sdeptH /J consists in two steps: 1) first one has to finkl avith k € {0, ..., n} such that
for every partition of B ,; we have sdeptw () < k+1; 2) then one has to find a
partition & of R /; such that sdept(”) = k. With these two steps fulfilled one gets
that sdepth/J = k. The second step is in general quite hard and can lead to ifécyid
combinatorial problems.

To exemplify this consider the maximal ideal= (xi,...,Xn) in S=K]|xg,...,X,] and

try to compute sdepth. A prioriit seems to be the “easiest” monomial ideahivariables
7
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that one can consider and we should expect that the computitits sdepth can be done
relatively easy.
Let us consider first the case whee= 4. ThenP,, is the following set

1000 0100 0010 0001

1100 1010 1001 0110 0101 0011
1110 1101 1011 0111
1111

LetA=[10001100U[01000110U[0010001]U[0001,100Y. ThenAUUacp,\ala, 2]
is a partition ofP,, and by Theorem 2.1 we obtain that sdeptk 2. On the other hand,
sincem is not principal we have sdepih< 3. Assume that sdeptihh= 3. By Theorem 2.1
there exists a partition @3, into disjoint intervals such that the end point of each waér
has at least 3 of 1 (in this poset for aay Py, |Za| equals the number of 1's that appear
in &). If one of these intervals if;,1111, say[10001111], then one of the intervals
[€2,01117], [e3,0111], [e4,0117 would have to cover the rest, a contradiction. Otherwise
we have four disjoint intervals of typg,b|, wherea € {1000010Q00100001} and
b runs over the sef11101101,10110111}. Therefore the number of elementsRy
with two 1's is at least 4« 2 = 8, a contradiction. Hence, our assumption is false and
consequently sdepth= 2 = [4/2].

Now, for arbitraryn looking at the poseP,, it is easy to see, by a similar counting

argument, that sdepth < [n/2], where|n/2| denotes the smallest integern/2. To
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show equality one has to find a partitio/ of the poset,, such that sdept#(Z) =
[n/2]. The equality was conjectured in [8] and was proved (not '@dsy Biro&al. by
explicitly constructing such a partition.

Theorem 2.2. ([4]) Letm = (X1,...,Xn) be the maximal ideal of S K[xg,...,X,]. Then
sdepthm = [n/2].
Using this result Shen was able to extend it and to computedbpth of an arbitrary

complete intersection monomial ideal. Again, the proofaseasy at all. More precisely,
he showed that

Theorem 2.3. ([13]) Let | € S=K][xy,...,%| be a complete intersection monomial ideal
minimally generated by m elements. Tisglepti = n— |[m/2], where|m/2] denotes
the biggest integex |m/2].

The next result clarifies for which partition®’ of F’lg/J the Stanley decomposition

2(2) of 1 /J is induced by a prime filtration and shows that fddgthcan be com-
puted in a finite number of steps. Recall that a sulssafta posetP is called anorder
filter if for all x € Sand ally > x one hag/ € Sas well. Then, similarly as for the sdepth
Herzog&al. proved that

Theorem 2.4. ([8]) (a) Let Z7: F’lg/J = Ul_4[ci, di] be a partition of Iﬂj with the property

that for all j the union{J!_, [ci, di] is an order filter in IﬂJ. ThenZ(2) is induced by a
prime filtration.

(b) Let Z be a Stanley decomposition gfllinduced by a prime filtration of/J. Then
there exists a partition? of F}Q/J with the property that7(%?) is induced by a prime
filtration and such thasdepthz(%?) > sdepthz.

In particular fdepthl /J is the maximum of the numbedepthz (2?), where the max-
imum is taken over all partitions”: F’lg/J =U{_4[ci,di] of Plg/J with the property that for
all j, the unionU!_,[ci, di] is an order filter in £, ;.

Now we consider some applications of the algorithms for catimg the sdepth and
fdepth ofl /J given by Theorem 2.1 and Theorem 2.4. As a first applicatiomtufo-
rem 2.4 one can read from the poE’E/tJ the Krull dimension ot /J.

Corollary 2.5. ([8]) diml/J =max{|Z|: ce PIQ/J}.

Proof. For any prime filtration# of 1 /J we have that dimh/J = max{dimS/P: P ¢
supd#)}. Now consider the canonical partitiof? : F’lg/J = Uceplg/J [c,c]. We choose
a total order- of the intervals with the property thét, c| > [d,d] implies that|d| < |c].
Then the union of any initial sequence of these intervals isrder filter inPlg/J. Therefore

it follows from Theorem 2.4 tha® (%) : 1/J = EBceplg/J X°K[Z] is induced by a prime

filtration .’ of 1 /3.
It follows that

diml /J = max{dimS/P: P e supg.#’)} = max{|Z|: ce P|g/J}-

[l
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In the example illustrated by Figure 3 we obtain that tith= 1 since|Z| = 1 for
ce{(2,6),(3,6),(7,1)} and O otherwise.

We now give a lower bound for the sdepth of a monomial idealdiggithe algorithm
for the computation of the sdepth given by Theorem 2.1 tagethth induction on the
number of variables. Left C Sbe a monomial ideal witl5(1) = {xal,...,xam}. We
seta=a;VayV---Van Then we can writd} as a disjoint uniorf = U AJ, where

p=min{ai(n),...,am(n)},q=a(n)andA;={ce R :c(n)=j}. Forall] W|th p<j<q
we letl; be the monomial ideal df[x, ..., %n—1] such that ﬁxan[xl, S Xn—1] = anIJ
Then for allj with p < j <q, we haveAj = {(c,j):ce Pl?} withg= (a(1),...,a(n—1)).
Proposition 2.6. ([8]) With the notation introduced we have

sdepth > min{sdepth,...,sdepthy_1,sdepthq+1}.
Proof. By Theorem 2.1 there exists for eagk {p,...,q} a partitionP,? = Uszl[cjk,djk]
of Pfj’ with sdepthj = min{|Zd]k|' k=1,...,rj}. SinceR is the disjoint union of thé\;
it follows thatR = U pUk_ [(Cjk» 1). (dj, ])] is a partition ofRf. We have

Zi, )| = |Za if j <q,
(dik:) Zg, | +1, ifj=aq.
Hence the conclusion follows from Theorem 2.1. O

We may also prove

Proposition 2.7. ([8]) Let | C S be a monomial ideal generated by m elements. Then
sdepth > max{1,n—m+1}

Proof. We may assume that is the number of minimal monomial generatord ofThen
we proceed by induction on. If n= 1, thenl = (u) is a principal ideal with Stanley
decompositiod = uK|x;]. Therefore, sdepth= 1. For the induction step we shall use
Proposition 2.6. Indeed, we already have lhas a monomial ideal oK [x1, ..., X,—1] for

all j, with p < j <q. In addition, one can easily see th@l;)| < mfor all j such that

j <q, and|G(lq)| < m. Hence, by induction hypothesis we have sdépthmax{1,n—
|G(1j)|} > max{1,n—m+1} for all j with j < g, and similarly the induction hypothe-
sis implies that sdepth > max{1,n—m}, so that sdeptly + 1 > max{2,n—m+ 1} >
max{1,n—m+1}. Applying now Proposition 2.6 we obtain the desired inefjpal [

Lemma 2.8. ([8]) Let JC | be monomial ideals of S, and letF S[xn1] be the polyno-
mial ring over S in the variablep ;1. Then

deptdT /JT =depth /J+1, fdepthIT/JT = fdepthl /J+ 1,
sdeptHT /JT = sdeptH /J+ 1.

Proof. The statement about the depth is obvious sixge is regular onlT /JT. In or-

der to prove the other two equations we consider the chaistateposeth, /; of I /J as

well as the characteristic posBt; ;7 of IT/JT. The mapR ;3 — By /31, C— € =

(c(1),...,c(n),0) is an isomorphism of posets with the additional property @) =

p(c*)—1. Inparticular, ifZ?: B 3 =U{_1[c,di] is a partition o /5, thenZ*: By 37 =
10



Ui—1[cf,d] is a partition ofRit /57, and the assignmen? — &* establishes a bijection
between partitions dff ;; andRt /37. Since|Zg | = [Zy: — 1 we see that sdepih() =
sdepthz(27*) — 1 for all partitions&” of B ;;. Therefore the desired equations follow
from Theorem 2.1 and Theorem 2.4. O
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