Integral inequalities

Constantin P. Niculescu™

Basic remark: If f : [a,b] — R is (Riemann) integrable
and nonnegative, then

b
/ f(t)dt > 0.

Equality occurs if and only if f = 0 almost everywhere

(a.e.)

When f is continuous, f = 0 a.e. ifandonly if f =0
everywhere.

Important Consequence: Monotony of integral,

f<g implies /  Ht)dt < / o).
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In Probability Theory, integrable functions are random
variables. Most important inequalities refer to:

1 b
M(f) = m/a f(t)dt (mean value of f)
Var(f) = M ((f — M(£))?) (variance of )

b—a/ F(z)dz — (b%/ f(a:)d:c>2

Theorem 1 Chebyshev’s inequality: If f,g : [a,b] — R
have the same monotony, then

[ rwaoae= (2 [ o) (2 [ aoa),

if f, g have opposite monotony, then the inequality should

be reversed.

Application: Let f : [a,b] — R be a differentiable func-
tion having bounded derivative. Then
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Var(f) <



Theorem 2 ( The Mean Value Theorem). Let f : [a, b] —
R be a continuous function and g : [a,b] — R be a non-
negative integrable function. Then there is ¢ € [a,b]
such that

[ @@)de= (o) [ o) da.

Theorem 3 (Boundedness). If f : [a,b] — R is inte-
grable, then f is bounded, |f| is integrable and

1 b
< — [ 1@l

< sup |f(t)|.
a<t<b
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Remark 4 If f' is integrable, then

1 b 1 b
0<—— [ If@lde — ;= [ f(a)da
b —
< 3a sup |f'(z)|.
a<x<b




Remark 5 Suppose that f is continuously differentiable
on [a,b] and f(a) = f(b) = 0. Then

sup 17(1)] < "2 [ 70 .

a<t<b

Theorem 6 (Cauchy-Schwarz inequality).

If f,g: [a,b] — R are integrable, then

1/2 1/2
[ saa < ([ Poa) ([ o)

with equality iff f and g are proportional a.e.




Special Inequalities

Young’s inequality. Let f : [0,a] — [0, f(a)] be a
strictly increasing continuous function such that f(0) =
0. Using the definition of derivative show that

F@) = [ roat [ 0t ap@

is differentiable on [0,a] and F'(z) = 0 for all x €
[a, b]. Find from here that

vy < /Ox 0 dt+/0y F~1(0) dt.
forall0 <z <aand 0<y < f(a)
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Figure 1. The geometric meaning of Young's inequality.



Special case (corresponding for f(z) = P~ ! and f~1(z) =
:cq_l) : For all a,b > 0p,q € (1,00) and 1/p +
1/q = 1, then

P pd 1 1
ab < a——l—— if p,q € (1,00) and — 4+ — = 1;
P q P q
P pd 1 1
ab > T4 ifpe(—o0,)\{0} and = + = =1.
P q P q

The equality holds if (and only if) a? = b9.

Theorems 7 and 8 below refer to arbitrary measure spaces
(X, X, p).

Theorem 7 ( The Rogers-Holder inequality for p > 1).
Let p,qg € (1,00) with 1/p+1/q = 1, and let f €
LP(p) and g € L4(u). Then fg is in L(u) and we
have

|/X fgdu‘ < /X | fgl du (1)

and

[ \7gl di < 17112 gl o )



Thus
[ fadu] <11flLo gl ©

The above result extends in a straightforward manner
for the pairs p = 1, ¢ = o0 and p = oo, ¢ = 1.
In the complementary domain, p € (—oco,1)\{0} and
1/p+ 1/q = 1, the inequality sign should be reversed.

For p = q = 2, we retrieve the Cauchy-Schwarz inequal-
ity.

Proof. If f or g is zero u-almost everywhere, then the
second inequality is trivial. Otherwise, using the Young
inequality, we have

f(@)] lg(x)] 1 (@) 1 Jg(x)

1flle gl =2 WAIZe g llgllTa
for all = in X, such that fg € LY(u). Thus

1 /
|f9’ du <1
||f||Lp HQHLq X

and this proves (2). The inequality (3) is immediate. W




Remark 8 (Conditions for equality). The basic observa-
tion is the fact that

f >0 and /X fdu =0 imply f =0 p-almost everywhere.

Consequently we have equality in (1) if, and only if,

f(z)g(z) = € | f()g(z)

for some real constant 6 and for p-almost every .

Suppose that p,q € (1,00). In order to get equality in
(2) it is necessary and sufficient to have

@) lg@)] 1 f@P 1 |g)
Ifllize llgllpe 2 [fl7e @ gl
almost everywhere. The equality case in Young's inequal-
ity shows that this is equivalent to |f(z)P /||fIIY» =

lg(x)[?/ ||g||qu almost everywhere, that is,

A|f(x)P = Blg(x)|? almost everywhere

for some nonnegative numbers A and B.



If p =1 and ¢ = oo, we have equality in (2) if, and only
if, there is a constant A > 0 such that |g(x)| < X almost
everywhere, and |g(x)| = X for almost every point where

f(z) # 0.

Theorem 9 (Minkowski's inequality). For 1 < p < oo
and f,g € LP(u) we have

f+alle < fllpe + gl - (4)

Proof. For p = 1, this follows immediately from | f + g| <
|f| + |g|. For p € (1,00) we have

1f 4+ 9P < (IfI+ 1g])P < (2sup{|f],]g]})"
<2P(|£1P + |g|P)

which shows that f + g € LP(u).



According to the Rogers-Holder inequality,

1f + gl = [ 1F +glP du

</ p—li1¢14 / P—1i4ld
< X|f+9| | f] dp + X|f+g| 9| dp

: </X |f|pd”)1/p </X |f+g|(p‘1)qdu)1/q+
e rosna)”

= (111 o + gl o) I + gl P22,

where 1/p 4+ 1/q = 1, and it remains to observe that
p—p/g=1. W

Remark 10 /f p = 1, we obtain equality in (4) if, and
only if, there is a positive measurable function ¢ such
that

flz)p(z) = g(x)
almost everywhere on the set {x : f(x)g(xz) # 0} .
If p € (1,00) and f is not 0 almost everywhere, then

we have equality in (4) if, and only if, g = \f almost
everywhere, for some X\ > 0.



Landau’s inequality. Let f : [0,00) — R be a twice
differentiable function. Put M}, = sup,>g ‘f(k)(a:)|

for k=0,1,2. If f and f” are bounded, then f’ is
also bounded and

My < 24/ My M.

Proof. Notice that

f(@) = f@o)+ [ (1) = £ (@o)) di-+f'(z0) (o).
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The case of functions on the entire real line.

Extension to the case of functions with Lipschitz deriva-
tive.



Inequalities involving convex functions

Hermite-Hadamard inequality: Let f : [a,b] — R be a
convex function. Then
b 1 b b
P < 2 [ pwyae < T
2 b—ala 2
with equality only for affine functions.

The geometric meaning.
The case of arbitrary probability measures. See [2].
Jensen’s inequality: If ¢ : [a, B] — [a, b] is an integrable

function and f : [a,b] — R is a continuous convex func-
tion, then

1 B 1 B
R IO Er =y I T) dw(.)
J

The case of arbitrary probability measures.



An application of the Jensen inequality:

Hardy’s inequality: Suppose that f € LP(0,00), f > 0,
where p € (1, 00). Put

F(x):i/ox f()dt, = >0.

Then

p
|Fllrp < ———= I fll o
p—1

with equality if, and only if, f = 0 almost everywhere.

The above inequality yields the norm of the averaging
operator f — F, from LP(0,c0) into LP(0, 00).

The constant p/(p — 1) is best possible (though un-
tainted). The optimality can be easily checked by consid-
ering the sequence of functions f,(t) = t_l/p-x(oyn](t).



A more general result (also known as Hardy's inequality):
If f is a nonnegative locally integrable function on (0, co)
and p,r > 1, then

/ 2P FP () da < <—) / 7 FP(4) dt.
0 r—1 0

(5)
Moreover, if the right hand side is finite, so is the left
hand side.

This can be deduced (via rescaling) from the following
lemma (applied to u = 2P, p > 1, and h = f).

Lemma. Suppose that u : (0,00) — R is convex and
increasing and h is a nonnegative locally integrable func-
tion. Then

/Ooou e /Ox h(t) dt) df < /OOO u(h(x))df.



Proof. In fact, by Jensen's inequality,

[ o) < (2 ona)
= [ ([T uhe)xgo.0(t) de) d

_/O w(h(t)) (/tooédw) dt

o0 dt
:/O u(h(t)) .



Exercises

1. Prove the inequalities

1—|—e_

1 2
1.43</O el dr <

1, 1 )
2€</ exda:—l—/ 62_$d$<1—|—62;

e
1< / g < £
2(e—l) nz 2

2. Let f : [a,b] — R be a differentiable function having
bounded derivative. Prove that

Y
Ol |1

Var(f) <

where Var(f) represents the variance of f.

Hint: Put M = sup,<,<p|f'(z)|. Then apply the
Chebyshev inequality for the pair of functions f(x)+
Mz and f(x) — Mx (having opposite monotony).



3. If f/is integrable, then

1 b 1 b
Oém/a|f(f’3)|dx—m/a f(z)dx
b—
< 3a sup |f'(z)].
a<x<b

Hint: Consider the identity

(b —a)f@) = [ f0ydt+ [ () (1)
_ / "(b— ) (t)dt.

4. Suppose that f is continuously differentiable on [0, 1].
Prove that

sup 1@ < [ (170)1+ 1)) d

0<z<

and

s [ (15w 1o d



3. Suppose that f is continuously differentiable on [a, b]
and f(a) = f(b) = 0. Then

sup 1F()1 < 1 [ [7/(0)]d.

a<t<b

5. For t > 1 a real number, consider the function
f:(1,0) =R, f(z)=za
i) Use the Lagrange Mean Value Theorem to com-
pare £(7) — f(6) with £(9) — £(8);
i) Prove the inequality 7t 4 8¢ < 6! 4 9¢;
iii) Compute f12 7tdt.

iv) Conclude that |6 ; + —%

In6+ |n9

6. Consider the sequence (an)n defined by the formula

dx
a/n,:/O .
\/2+\/2+---+\/2x

TV
n sqr




Prove that

1 1
—<an foralln > 1

\/2+\/2+ -+ V2

n— 1sqr

and find the limit of the sequence (an )n.

. Infer from the Cauchy-Schwarz inequality that

In(n+1) —Inn < for n natural

\/n(n +1)

/2
/ sin3/2 zdx < \/z.
0 3
. Prove the inequalities:

1 5 T . s : 5
/02x dr < 3/2; </O es'nxda:) (/O e_s'nxdaz)Zw.

. 2 |
. Compute lim f”+1xsmldaj and lim f3x L
n—00 L Tr—00

and



10.

11.

(The Bernoulli inequality). i) Prove that for all x >

—1 we have
1+2)*>14+ar faé€(—o0,0)U(1,00)
and
(1+2)*<14azx ifaec]|0,1];
equality occurs only for x = 0.

ii) The substitution 1 + x — z/y followed by a
multiplication by y leads us to Young's inequality
(for full range of parameters).

(The integral analogue of the AM-GM inequality).
Suppose that f : [a,b] — (0,00) is a continuous
function. Prove that

eﬁ 20 f(z)da < . /b f(x)dx.

~“b—ala



12. (Ostrowski's inequality). Suppose that f : [a,b] —
R is a differentiable function. Prove that

13. (Z. Opial). Let f : [0,a] — R be a continuously
differentiable function such that f(0) = 0. Prove
that

a a /
| f@)dz = [ (a—o)f (2)de
and infer from this formula the inequalities:

a2

‘/Oa f(x)dz| < 302222@ \f’(fﬂ)(

[ r@l|r@]de < 5 [°|f@)] da.
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