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A great discovery solves a great problem, but there
is a grain of discovery in the solution of any problem.
Your problem may be modest, but if it challenges your
curiosity and brings into play your inventive faculties,
and if you solve it by your own means, you may expe-
rience the tension and enjoy the triumph of discovery.

George Polya



Topics

1. From elementary to higher mathematics:

The Hermite-Hadamard inequality at first glance

2. The highlights of Choquet’s theory

The Hermite-Hadamard inequality from the point of
view of higher mathematics.
The role played by the law of the lever

3. Choquet’s theory for signed measures

A bunch of old and new inequalities in the 1-dimensional
case. What about the higher dimensional case?

4. Looking for alternative theories



1 The Hermite-Hadamard inequality’

The Hermite-Hadamard inequality: If f : [a,b] — R is a
continuous convex function, then
b I b
f(a—; )Sb / f(@dxﬁw' (HH)
—a J,

Equality holds in either side only for affine functions (i.e., for
functions of the form max + n).

‘\a’

Figure 1: The geometric meaning of convexity.

(RHH): can be discarded from the picture.
For (LHH):

(a+b)/2 b
/ fdx—— / fdl’—l—/ fdx
b—a b—a (a+b)/2

:E/O [f(a+b—2t(b—a)>+f<a+b+2t(b—a)>]dt
>f(a+b>

! This inequality was discovered by Ch. Hermite [11] in 1883 (ten years before Hadamard
[8]) but his priority remained unnoticed until 1985. See [13] for a full account of this story.
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Applications

For f = exp, (HH) yields

b a a b
elott)/z € 7 ° <e+e fora #0b
b—a 2

that is,

Vaoy <

which represents the Geometric, Logarithmic and Arithmetic
Mean Inequality.

r—vy <:C+y

for 0 GLA
logx — logy 2 orl=r=<tv ( )

(Ch. Hermite). For f(x) =1/x, x € [n,n+ 1], the inequality
(HH) reads as

1 /1 1

B <ﬁ+n——|—1) > log(n+1) —logn >

1
n+1/2’

a fact which is instrumental in deriving the Stirling’s formula,

n! ~ 2 - nt/2en

For f(x) =sinz, x € [0, 7] we obtain

sina +sinb cosa — cosb ) a-+b
< < sin ,
2 b—a
which is equivalent to

tanx > x > sinx,

for x € (0,7/2).



2 An alternative approach to (LHH)

It is possible to prove (LHH) by a dual geometric argument,
the existence of support lines at each interior point.

%(T)

Figure 2: The existence of support lines at interior points

L. Galvani [7]: a real-valued function f is convex on an in-
terval [ if and only if for each ¢ € I, the function

x)— fl(c
o 4@ (@)
r—c
is increasing on [ \ {c}. This yields the existence of the lateral
derivatives at all interior points of I. Moreover, for x < y in the

interior of I we have

f(x—0)< f(x+0) < flly—0) < f'(y+0).

Lemma 1 A function f : (a,b) — R is convez if and only if for
each point ¢ € (a,b) there exists a number X such that

f(z) > f(c)+ AMax —c¢) for every x € [a,b]. (SL)

Moreover, A can be chosen arbitrarily in the interval
[f'(c=0), f'(c+0)].
Thus (LHH) extends as
I b+a—2
m/@ f(x)dCUZf(C)‘F)\'%,

for any ¢ € (a,b). Equality occurs for linear functions (i.e., for

f=f(c)+ Az —c)on (a,b)).



3 The precision in the Hermite-Hadamard inequality

For functions of class C?:

Theorem 2 Let [ : [a,b] — R be a twice differentiable function
such that there exist real constants m and M so that

m < f" < M.

Then

(b—a)? 1 b a+b (b—a)?
m o f<x>d:c—f( : >§M- o

and

(b—a)® _ fla)+ f(b

b
w LR AOIO L [y ae < ar C20

12

Estimates in the framework of Lipschitz functions f : [a,b] — R,

11115, = sup {‘f(:i - ;f(y)

;x#y}:M<oo.

e Inequality of Ostrowsk:,

'f(x) - b%/b 0 dt‘ <

e~ =
_|_
Y
8
S
|
S m‘i
S
N—
[\)
=
|
=

o Inequality of Iyengar,
f(a)+ f(b) 1 b M(b—a) 1
s f

b—a




The proof of (O):

el o

for every x € [a, b].

IA

IA




4 Some straightforward improvements on the Hermite-
Hadamard inequality

Suppose that f : [a,b] — R is a convex function. By apply-
ing the Hermite-Hadamard inequality on each of the intervals
,(a+b)/2] and [( +b)/2,b] we get

F) < / T g <) (s 150

and

a 4 3b b f(g;)dgcs1 f(a+b)+f(b) )
( —a J(a+b)/2 2 :

SO summing up (81de by side) we obtain the following refinement
of (HH):

5 <0G ()

b_a/f )dx < = [f(a+b)+f(a)—2kf(b)]

< (@) + 7). (1HH)

<

By continuing the division process, the integral mean of f
can be approximated as well as we want by the mean values of
f at the dyadic points of [a, b].

Remark. If f:|a,b] — R is a convex function, then

(52 (5 < s 1o

for every c € [0,(b—a)/4], and ¢ = (b — a)/4 is maximal with
this property.




9 Various quadrature formulae as sources of Hermite-
Hadamard type inequalities

By applying twice the integration by parts f € C?([a, b], R)
we get the following quadrature formula,

1 b 1 // (ZE—CL)
b_a/a fla)dr = 3 [f(a) + £(b b_a/ 7 T g

which implies (RHH).
In the case of C*-functions,

o [war = gl (250 e () + o)
e [ e

where ¢ is a piecewise polynomial nonnegative function such

that , : )4
1 b—a

dz = .

b—a,/a ? (@) de = =5

This yields the following improvement on (RHH) for functions
f € C4[a,b]) with f@) >0

o [rwar < g frwsr (B50) var (52) 4 s0)

SN (GESIU) (REE)

oo |

Examples. i) (F. Burk [3]) For f(z) = €"|[lna,lnd]) the in-
equality (RHH") yields the following inequality of Tung Po-Lin

[27]:
b—a all® 4 pl/3\°
) LP

Inb—1Ina < ( 2 ) ( 3)
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i1) In the case of f(x) = Inz, z € [a,b], we are led to the
following upper estimate for the identric mean:

1/(b—a) 3/8 3/8
1 b_b < /8 3a+b\"* [a+3b\Y P/
e \ a® - 4 4 ’

and, according to the AG-inequality, this is a refinement of the
last inequality in the following chain of inequalities,

_ 1 b\ 1/(b—a)
\/@<b—a<—<b) Lath (GLIA)

Inb—1Ina e \a® 2
valid for a,b > 0, a # b. See [1] and compare also the second
inequality with (LP3).

The theory of higher-order convexity, initiated by T. Popovi-
ciu [22], [24], in 1934. See also [20]. A function f : [a,b] — R is
said to be n-conver (n € N) if for all choices of n + 1 distinct
points g < ... < z, in [a, b], the nth order divided difference of
f verifies

flzo, ..oy xn] > 0.

The divided differences are given inductively by

f(x0) — f(z1)

f[x(),ﬂfl] —
o — T
flzo, x1, 0] = [ lzo, x1] — f [w1, 22
To— T2
f[xo, 7xn] _ .]}'[330, ...,xn,l] — f [3;’1, ,ajn]

To— Tp

As Popoviciu noticed, if f is n-times differentiable with f™ >0
then f is n-convex.
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6 The case of subharmonic functions

The idea of integrating by parts (used at the beginning of
this section) can be adapted to the several variables setting, via
the Green formula. This leads us to Hermite-Hadamard type
formulae for subharmonic functions.

Let €2 be a bounded open subset of R"” with smooth boundary.
Then the Dirichlet problem

{Agpzlonﬂ

@ =0 on 0N (DP)

has a unique solution, which is < 0 on Q (according to the

maximum principle).
By Green’s formula, for every u € C?(2) N C1(Q) we have

u P
dV:/
/Q Au ASO' o0

i.e., in view of (DP),
/udV = /uAgodV
0 0
= /gpAudVJr/ u (Ve -n) dS—/ ¢ (Vu-n)dS
0 o0

o0
= /gpAudVJr/ u(Ve-n)dS
0 00

for every u € C?(Q) N C*(Q)). We are then led to the following
Hermite-Hadamard type inequality:

u e |
Y Vgo' ndS

Theorem 3 (See [17))If u € C*(Q2) N C*(Q) is subharmonic (i.e.,
Au >0 on Q) and ¢ satisfies (DP), then

/udV</ u (Ve -n)dS
0 o0

except for harmonic functions (when equality occurs) .
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The equality case needs the remark that fQ wAudV = 0

yields ¢Au = 0 on 2, and thus Au = 0 on (; notice that
©Au is continuous and nonpositive since ¢ < 0 on ).

By using the same technique we also see that the following
multidimensional version of Theorem 2 holds:

Theorem 4 (See [17]) Let u € C?(2) N CHQ) be such that m <
Au < M on Q and let ¢ satisfy (DP). Then

m/gpdVS/udV—/ u(Vp-n) ngM/godV.
Q Q o9 Q

In the case of balls in R3, the conclusion of Theorem 3 reads
as follows:

()_VOZBR ///BR dV<AreaSR //SR

for every u € C?*(Bg(a)) NC(Bg(a)) with Au > 0, which is not
harmonic. In fact, in this case

ple) = 3 (P = B?)

satisfies (DP) and

Vo-n=x/3-z/lz| = R/3.

The inequality (VS) works also for all convex functions on
balls Br(a).
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7 Choquet’s Theory

Let K be a compact convex subset K of a locally convex
Hausdorff space E and suppose there is given a Borel probability
measure i on K (which can be thought of as a mass distribution
on K). The p-barycenter of K : the unique point z, of K such
that

mmzﬁfmwm (B)

for every continuous linear functional ' on £. When F is the
Euclidean n-dimensional space,

1, — /K ()

The general (LHH) inequality:

Lemma 5 Let K and p be defined as above. Then, for every
continuous conver function f : K — R,

flwa) < /K F(2) dp(a).

Details in [14] and [21].

The extension of the right-hand inequality in (HH).

The notion of majorization. G. H. Hardy, J. E. Littlewood
and G. Pdlya [9], [10]. Given two Borel probability measures p
and A on K, we say that p is majorized by A (denoted p < \) if

Af@@@sﬂf@wm

for every continuous convex function f : K — R. The relation <
is a partial ordering on the set of all Borel probability measures
on K.
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Theorem 6 (G. Choquet; see [21], [18]). Suppose that K is a
metrizable compact convexr set (in a locally convex Hausdorff
space). Then the set FExt K of all extreme points of K is a
Gs—subset of K and for every Borel probability measure p on
K there exists a Borel probability measure A on K supported by
Ext K (i.e., A(K \ Ext K')=0) such that

fa) < [ f@dua) < [ fayaa (ew

Ext K

for every continuous convex function f : K — R.

When K is the interval |a,b] endowed with the normalized
Lebesgue measure dz/(b — a), then z,, is exactly the midpoint
(a +b)/2 and Ext K = {a,b}. Any probability measure A\ con-
centrated by Ext K is necessarily a convex combination of Dirac

measures i.e.,
A=ad, + (1 —a)dy

for some o € [0,1]. Checking the right side inequality in (Ch)
for f=x—aand f =b—x we get

l—a>1/2and a>1/2

i.e., a = 1/2. Consequently, in this case (Ch) coincides with
The connection between the Choquet theory and the Hermite-
Hadamard inequality was first noticed by Niculescu in 2001. See

14].

15



8 Proof of Choquet’s Theorem
The lower envelope of a function f in C'(K,R) is given by
f(z) =sup{h(z) : h € A(K,R) and f > h}
while its upper envelope is
f(z) =inf {h(z): h € A(K,R) and h > f}.

Clearly

f==(=D).

so it suffices to investigate the properties of one type of en-
velopes, say the upper ones.

Lemma 7 (See [18], [21]) The upper envelope f is concave, bounded
and upper semicontinuous (that is, for every real number «, the
set {x: f(z) < a} is open). Moreover:

i) f < fand f = fif f is concave.

i) f+h=f+hif h € A(K,R);

#ii) The map f — f is sublinear.

The Proof of Choquet’s Theorem will be done in four steps.

Step 1. We start by proving that Ext K is a countable in-
tersection of open sets (and thus it is a Borel set). Here the
assumption on metrizability is essential.

Suppose that the topology of K is given by the metric d and
for each integer n > 1 consider the set

+ z

Kn:{az:x:y , Withy,zEKandd(y,z)21/2"}.

Clearly, Ext K = K\ |J,, K,, and an easy compactness argu-
ment shows that each K, is closed. Consequently, Ext K =
N, CK, is a countable intersection of open sets.

16



Step 2. We may choose a maximal Borel probability measure
A >=u. To show that Zorn’s lemma may be applied, consider a

chain C = (\,), in

P ={X: > u, A Borel probability measure on K}.

As (A\y)a is contained in the weak-star compact set
A e O(K), A >0, A1) = 1},

by a compactness argument we may find a subnet (A\g)s which
converges to a measure A in the weak-star topology. A moment’s

reflection shows that ) is an upper bound for C. Consequently,
we may apply Zorn’s lemma to choose a maximal Borel proba-
bility measure A >u. It remains to prove that A does the job.

Step 3. Since K is metrizable, it follows that C'(K) (and thus
A(K)) is separable. This is a consequence of Urysohn’s lemma in
general topology. Every sequence (h,,), of affine functions with
|hn]| = 1, which is dense in the unit sphere of A(K), separates
the points of K in the sense that for every x # y in K there is
an h, such that h,(x) # h,(y). Consequently, the function

o0
o=y 2
n=1
is continuous and strictly convex, from which it follows that

E={r:p(x) =9} C Ext K.

In fact, if x = (y + 2)/2, where y and z are distinct points of
K, then the strict convexity of ¢ implies that

o(z) < i) -QH/)(Z) < ?(y) ;@(2)
17

< P(x).



Step 4. As a consequence of the maximality of A, we shall
show that

Ap) = A®). (1)

Then ¥ — ¢ > 0 and A\(@ — ¢) = 0, which yields
A({z: go( ) # ©(x)}) = 0. Hence A is concentrated on £.
(1)1

The proof of (1) is based on Lemma 7. Consider the sublinear
functional ¢: C(K) — R, given by ¢(f) = A(f), and the linear
functional L defined on A(K)+R-p by L(h+ap) = A(h)+aA(D).
By Lemma 7, if @ > 0, then L(h + ap) = q(h + ayp), while if
a < 0, then

0=ap—ap <ap + (—ayp) = ap — ap,
which yields

L(h+ ap) = Mh+ ap) < Ah+ap) = q(h + ayp).
By the Hahn—Banach extension theorem, there exists a linear

extension w of L to C'(K) such that w < ¢. If f < 0, then

f <0, s0w(f) <q(f) = Af) <0. Therefore w > 0 and the
Riesz—Kakutani representation theorem allows us to identify w
with a suitable Borel probability measure on K.

If fisin Conv (K), then —f is concave and Lemma 7 yields

w(=f) <a(=f) =A=F) = A=)

that is, A < w. Or, A is maximal, which forces w = A. Conse-
quently,

M) = wlp) = Lp) = A(@),
which ends the proof. W
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As noticed E. Bishop and K. de Leeuw, if K is non-metrizable,
then Ext K needs not be a Borel set.

Theorem 8 (The generalization of the Choquet-Bishop-de Leeuw
theorem). Let u be a Steffensen-Popoviciu measure on a com-
pact convex subset K of a locally convex Hausdorff space E.
Then there exists a Borel probability A on K such that the fol-
lowing two conditions are verified:

i) A= p and A and p have the the same barycenter;

it) \ vanishes on every Baire subset of K which is disjoint
from the set of extreme points of K.
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9 Choquet’s Theory for Signed Measures

Convexity inequalities involving signed linear combinations:

Theorem 9 (The Jensen-Steffensen Inequality). Let x1 < x5 <
.. < x, be points in [a,b] and let pi,po, ..., p, be real numbers
such that the sums P, = Zle p;j verify 0 < P, < P, and P, > 0.
Then for every real valued convex function f defined on [a,b] we
have the inequality

/ (%ﬂ ;mm) < %n kzlpkf(xk)

A. M. Fink [5] proved an extension of (HH) which also escapes
Choquet’s theory:

Theorem 10 If f : [a,b] — R is a continuous convex function,
then

) € s /f ) dpu(a (FHH)

for every real Borel measure v on [a,b] which is ”end positive”
in the sense that

t b
u(la.t) > 0. [ (=) dula) 20, and [ (@~ 1)dua) =0,
a t
(EP)
for every t € [a,].
As above, z, = fab xdu(x)/u(|a,b]) represents the barycenter
of u.

All Borel probability measures are "end positive". An ex-
ample in the category of signed measures is provided by the
restriction of (22 + a)dz to [—1,1], for every a > —1/3.
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Definition 11 (See [14]).A Steffensen-Popoviciu measure is any
real Borel measure v on K such that

u(K) >0 and / fT(z)dp(x) >0 (SPM)
K
for every continuous convex function f on K.

When K is an interval [a, b] and p is a real Borel measure on
[a, b], with p([a,b]) > 0, the condition (SPM) coincides with the
condition of end positivity (EP) mentioned above, a fact which
was known to T. Popoviciu. In fact, (SPM) yields u(K) >0 and

/ (2'(z) +t)" du(z) > 0 for every 2’ € E' and every t € R
K

and the dual of R consists only of homoteties 2’ : x — sz. T.
Popoviciu’s argument for the other implication, (EP) =(SPM),
was as follows: If f > 0 is a piecewise linear, continuous and
convex function, then f can be represented as a finite combina-
tion, with non—negative coefficients, of functions of the form 1,
(x —t)" and (t — z)™, so that

/f ) dp(x

in the general case, we have to approximate [ by piecewise lin-
ear continuous and convex functions. It is worth noticing that
T. Popoviciu [12] was interested in a slightly different problem,
precisely, when a real Radon measure on an interval [a, b] is non-
negative for all n-convex functions on that interval. However,
he did not mention any possible connection with the Hermite-
Hadamard inequality.

The notion of barycenter can be introduced in the same way
and an inspection of the argument of Lemma 5 shows that it re-
mains valid in the general context of Steffensen-Popoviciu mea-
sures:
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Proposition 12 ( The generalized Jensen-Steffensen inequality [14]).

Suppose that p is a Steffensen-Popoviciu measure on a com-
pact conver set K. Then

fm)sfm /K f(x) dp(x) (JS)

for every continuous convex function f : K — R.

Clearly, if 11 is a real Borel measure on K, with x(K) > 0, and
(JS) holds for some point =, € K and every continuous convex
function f : K — R, then yu is a Steffensen-Popoviciu measure.

The next step is to enlarge the concept of majorization.

Definition 13 Given two Steffensen-Popoviciu measures p and A
on the compact conver set K, we say that p is majorized by A

(denoted p < X) if

ﬁ/}{f@ﬁﬁ/f(ﬁik

for every continuous convex function f : K — R.

In the discrete case, suppose that there are given real points
r1 < ... < x, and real weights py,...,p,. According to (EP),
the discrete measure p =Y ) _; pr 94, is a Steffensen-Popoviciu
measure if and only if

n

Zpk>0, Zpk —:ck >O and Zpkxk—xm)>0

k=1 k=m

(dEP)
for every m € {1,...,n}. A special case when (dEP) holds is
the following, used by Steffensen in his extension of Jensen’s

22



inequality:

Z pr >0, and 0< Z pe < Z pr, forevery m e {1,...,n}.
k=1 k=1 k=1
(dSt)

In fact, (dSt) = (dEP) by Abel’s summation formula (the
discrete analogue of integration by parts).

A consequence of (dSt) and Theorem 12 is the following in-
equality of G. Szego: If a1 > as > ... > agy1 > 0 and f is a
convez function in [0, ay], then

z_: (=) flag) > f (Z (l)klak> .

k=1 k=1
This corresponds to the measure p = 337" (—1)F71,,, whose
barycenter is z, = >.7 7" (—1)F .
In the case of absolutely continuous measures, du = p(z) dz,
the condition (EP) reads as:
b

b t
/ p(z)dx >0, / (t—x)p(x)dx >0 and / (x—t)p(x)dx >0
a a t
(cEP)
for every t € [a, b]. In practice, the following continuous analogue
of (dSt) suffices:

b t b
/ p(r)dxr >0 and 0< / p(z)dr < / p(z) dx for every t € [a, b].
a [¢ a (CSt)

Problem 14 What’s the physical signification of Steffensen-Popoviciu
measures?

Problem 15 Is it possible to extend Choquet’s theory to the case
of n-convex functions?
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We shall recall here an inequality of J. F. Steffensen [25],
[19], that shed some light on the case of 0-convex functions:

Theorem 16 Let g : [a,b] — R be an integrable function such that
A= f g(t)dt € [0,b—al. Then the following two conditions are
equwalent
DO [Tgt)dt <z —a and0<f g(t)dt < b—ux, for every
x € |a,b];
i1) faaH h(t)dt < fabh(t) ) dt < fb \h(t)dt, for every non-
decreasing function h : |a,b] — ]R

Proof. i) = ii) In fact,

:/CLGMh(t)d(/CLtg(s)ds—t—l—a)—/a;h(t)d(/tbg(s)ds>
:/aa+A (/atg(s)ds—t+a) dh(t)+/a; (/tbg@)ds) dh(t)

which gives us the left hand inequality of ii). The other one can
be obtained in a similar manner.

i) = 1) Consider the functions h = —x,,) and h = X[, 4.
|

If f:[a,b] — R is a Lipschitz function with |[f[|;,, = M,
then f is differentiable a.e. and 0 < g = (f'+ M) /(2M) < 1
verifies condition ¢) of Theorem 16. For this choice of g and
h = z — a, the condition i) yields Iyengar’s inequality (I).
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10 The case of quasi Steffensen-Popoviciu measures

we can handle the case total mass is 0 by considering small
perturbations p. = p +€6,. Then

F) - (u(K) +¢) < /K f(x) dp) + = f(2)

for every continuous convex function f on K. Letting ¢ — 0, we
arrive at the following result:

Proposition 17 (See [14]). Let u be a real Borel measure on a
compact convex K such that u(K) =0 and

| ) =0

K

for every continuous convex function f on K. Then
| 1@ dut) = 0

for every continuous convex function f on K.

Due to Popoviciu’s characterization of convex functions (men-
tioned in Section 6), better results can be proved on intervals:

Proposition 18 Let 11 be a real Borel measure on |a,b] such that

t b
p([a, b)) =0, / (t —z)du(x) >0 and /t (x —t)du(x) >0
for everyt € R. Then
b
| #@)duta) = 0

for every convex function f on [a,b].
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As an immediate consequence we obtain L. Fuchs’ extension
of the majorization principle:

Theorem 19 Let [ : [a,b] — R be a convexr function. Then for
CVETY X1, .oy Ty Y1y ooy Yn € |a,b] and every py,...,p, € R such
that
i) X1 > > Ty, Y1 e > Yn
r T

i) > pexe < >, pryk foreveryr =1,...n—1
h=1 E=1
i) Y PrTk = D PkUk

k=1 k=1

we have the inequality

ook fla) < pe fyn)-
k=1 k=1

We pass now to the case of absolutely continuous measures:

Proposition 20 Let p(x) be a continuous or a monotonic density
on an interval |a,b], such that

b t b
/ p(z)dr =0 and / p(z)dx > 0, / p(z)dx >0
a a t

(qcSt)
for every t € [a,b]. Then

/ F(x) pla) dz > 0

for every convex function f on [a,b].
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When the graph of p(z) is symmetric with respect to the line
x = (a+b)/2, it suffices to ask (qcSt) only for ¢ in the appropriate
half interval. This remark allows us to retrieve the following
result due to Levin and Steckin: Suppose that g : [—a,a] — R is
an even function, nondecreasing on [0,a], and f : [—a,a] — R
1 a convex function. Then

[ sz (5 [ o) (4 [ ).

In fact, p(z) = g(x) — 5 [°, 9(z)dx is an even weight such

that » .
/ p(z)dr = / p(z)dz >0
—a t

for every t € [0, al.

27



11 The story continues

While the left part of the Hermite-Hadamard inequality im-
poses the restriction to Steffensen-Popoviciu measures as a gen-
eral framework for the whole inequality, the right part works
outside this restriction. More precisely, on each interval [a, 0]
there are Borel measures ;1 which are not Steffensen-Popoviciu
yet

b—=x T, —a

b
o [ @) ) < 572 )+ =2 0)

works for every convex function on [a,b]. In fact, as noticed A.
M. Fink [5],

> | S@E —a)ds <151 +0- (1) = =D

for every convex function f: [—1,1] — R.
See Florea and Niculescu [6] for a complete solution.

12 Open Problem

Unify the results in Sections 6 and 7.
As well known, not every subharmonic function is convex.
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